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a b s t r a c t
In this paper we study cotorsion and torsion pairs induced by cotilting modules. We
prove the existence of a strong relationship between theΣ-pure-injectivity of the cotilting
module and the property of the induced cotorsion pair to be of finite type. In particular for
cotilting modules of injective dimension at most 1, or for noetherian rings, the two notions
are equivalent. On the other hand we prove that a torsion pair is cogenerated by a Σ-
pure-injective cotilting module if and only if its heart is a locally noetherian Grothendieck
category. Moreover we prove that any ring admitting aΣ-pure-injective cotilting module
of injective dimension at most 1 is necessarily coherent. Finally, for noetherian rings, we
characterize cotilting torsion pairs induced byΣ-pure-injective cotilting modules.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The class of modules over an arbitrary associative ring R is too complex to admit any satisfactory classification. For this
reason, usually one restricts to study particular, possibly large and representative, classes of modules.
In the recent literature, the theory of modules widely uses the notions of torsion and cotorsion pairs. Torsion and
cotorsion pairs are couples (L,M) of classes of modules which are maximal with respect to the orthogonality conditions
Hom(L,M) = 0 and Ext(L,M) = 0, respectively. These pairs are partially ordered by inclusion of their first components,
forming complete lattices. The study of their properties allows an approximation of the whole category of modules.
In this paper we concentrate on torsion and cotorsion pairs induced by a cotilting R-module, in what follows briefly called
cotilting torsion and cotorsion pairs. In particular we study finiteness properties of cotilting torsion and cotorsion pairs. Any
cotilting module is pure-injective; following a suggestion of Enrico Gregorio, we will focus on torsion and cotorsion pairs
induced byΣ-pure-injective cotilting modules.
In Section 3 we compare an arbitrary cotorsion pair (L,M) with the cotorsion pairs generated by the `-presented
modules inL.
In Section 4we analyze cotilting cotorsion pairs, obtaining new characterizations of those of finite type (see Theorem 4.2).
In particular, in the noetherian case, these are exactly those induced by a Σ-pure-injective cotilting module (see
Corollary 4.4).
Given a torsion pair (X,Y) in the category of right R-modules, the heart of the torsion pair (X,Y) is an abelian
subcategory H(X,Y) of the derived category of right R-modules (see Section 5 for more details). Recently, in [1] it has
been proved thatH(X,Y) is a Grothendieck category if and only if (X,Y) is a cotilting torsion pair. In Section 5 we prove
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(see Theorem 5.3) thatH(X,Y) is a locally noetherian Grothendieck category if and only if (X,Y) is cogenerated by a Σ-
pure-injective cotilting module. Moreover, we get that any ring R admitting aΣ-pure-injective cotilting module of injective
dimension at most 1 is necessarily coherent (see Corollary 5.4).
Finally, in Section 6, we study cotilting torsion pairs over a noetherian ring, giving a complete characterization of
those induced by a Σ-pure-injective cotilting module. In particular we prove (see Theorem 6.3) that these are exactly the
cotilting torsion pairs which satisfy the Reiten–Ringel condition (see Condition 5.1). This was originally introduced for finite-
dimensional k-algebras in [2] as a sufficient condition to guarantee that the closure under direct limits of a splitting torsion
pair in the category of finitely generated modules is a splitting torsion pair in the category of all modules.
2. Notation and terminology
Let R be a ring. We denote by Mod-R the category of right R-modules and by FP` the subcategory of the right `-presented
R-modules, i.e. the modulesM in Mod-Rwhich admit a resolution
P` → · · · → P1 → P0 → M → 0
where Pi is a finitely generated projective module for 0 ≤ i ≤ `. Denote by mod-R the intersection ∩`∈N FP`. In particular
FP0 and FP1 are the categories of finitely generated and of finitely presented right R-modules, respectively.
For any module C ∈ Mod-R, Prod C denotes the class of all direct summands of direct products of copies of C .
Given a class C ⊆ Mod-R, we define the following:
C⊥ = {M ∈ Mod-R | Ext1R(C,M) = 0 for any C ∈ C}
C⊥∞ = {M ∈ Mod-R | ExtnR(C,M) = 0 for any C ∈ C and for any n > 0}.
Similarly we define ⊥C and ⊥∞C.
A module U ∈ Mod-R is an n-cotilting module if ExtiR(Uα,U) = 0 for any i > 0 and all cardinals α, U has injective
dimension at most n, and there exists a long exact sequence 0 → Un → · · · → U0 → W → 0 where W is an injective
cogenerator of Mod-R and Ui ∈ ProdU for i = 0, . . . , n.
Any cotilting module U is pure-injective [3,4], so the class Y = ⊥∞U is closed under direct limits. Moreover, if U has
injective dimension at most one, then Y coincides with the class of modules cogenerated by U; it is a torsion-free class and
the corresponding torsion pair (X,Y) is called the cotilting torsion pair cogenerated by U . Notice that the latter is a faithful
torsion pair, i.e. RR belongs to Y.
LetA,B ⊆ Mod-R. The pair (A,B) is called a cotorsion pair ifA = ⊥B andB = A⊥. IfB = C⊥ for a class of modules
C, we say that the cotorsion pair is generated by C. Similarly, ifA = ⊥C we say that the cotorsion pair is cogenerated by C.
Moreover (A,B) is said of finite type if it is generated by a set of modules in mod-R. A cotorsion pair is called hereditary if
A = ⊥∞B and B = A⊥∞ . A cotorsion pair (A,B) is hereditary if and only if A is a resolving class, i.e. it is closed under
extensions, kernels of epimorphisms and it contains the projectives, or equivalently, ifB is a coresolving class, i.e., it is closed
under extensions, cokernels of monomorphisms and it contains the injectives [5]. A cotorsion pair is called complete if A
provides special precovers or, equivalently, ifB provides special preenvelopes (see [6, Ch. 2]).
If U is a cotilting module and Y = ⊥∞U , then the cotorsion pair (Y,Y⊥) generated by Y is hereditary and complete
[6, Ch. 8]; its kernelY∩Y⊥ coincides with ProdU [6, Lemma 8.1.4]. In what follows we will refer to (Y,Y⊥) as the cotilting
cotorsion pair induced by U . Finally, two cotilting modules are called equivalent if they induce the same cotorsion pair.
Let σ be an ordinal. An increasing chain of submodules (Mα | α ≤ σ) of a module M is called a filtration of M provided
thatM0 = 0,Mα = ∪β<α Mβ for any limit ordinal α ≤ σ , andMσ = M . Given a class of modules C, a C-filtration ofM is a
filtration such that, for any α < σ ,Mα+1/Mα is isomorphic to some element of C.
Filtrations play an important role in the study of cotorsion pairs, as widely described in [6]. In particular, in what follows
we will often refer to the following version of Hill Lemma, stated and proved in a more general form in [6, Theorem 4.2.6].
Theorem 2.1 (Hill Lemma). Let R be a ring and C a set of finitely presented modules. Let M be a module with a C-filtration
M = (Mα | α ≤ σ). Then there exists a family F of submodules of M such that:
(1) M ⊆ F ;
(2) F is closed under arbitrary sums and intersections;
(3) For any F1 and F2 in F such that F1 ≤ F2, the module F2/F1 admits a C-filtration.
(4) For any finitely generated submodule L of M, there exists F ∈ F such that L ≤ F and F admits a finite C-filtration. In
particular, F is finitely presented.
3. Comparing cotorsion pairs
Given a cotorsion pair A := (A,A⊥), we denote byAi the class of modules inA which belong to FPi, i ≥ 0, and byA∞
the class of modules inAwhich belong tomod-R. BesidesA = (A,A⊥), we consider the cotorsion pairsAi = (⊥(A⊥i ),A⊥i )
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generated by the setAi, i ≥ 0, and A∞ = (⊥(A⊥∞),A⊥∞) generated by the setA∞. Considering the partial order induced by
the inclusion of their first components, we have the following chain of cotorsion pairs:
A∞ ≤ · · · ≤ Ai+1 ≤ Ai ≤ · · ·A1 ≤ A0 ≤ A.
The cotorsion pairs Ai, 0 ≤ i ≤ ∞, are complete, and their cotorsion classes ⊥(A⊥i ) consist of all direct summands of
Ai-filtered modules (see [6, Theorem 3.2.1 and Corollary 3.2.4]). Moreover, by definition, the cotorsion pair A∞ is of finite
type.
Proposition 3.1. Let A = (A,A⊥) be a cotorsion pair, and S be any set of modules in A. Assume A is a resolving class. Then
the following are equivalent:
(1) S⊥ = A⊥;
(2) S⊥ ∩A = A⊥ ∩A.
Proof. Clearly 1 implies 2. Assume 2 holds; S⊥ ⊇ A⊥ is always true. Therefore S = (⊥(S⊥), S⊥) ≤ (A,A⊥). Let M be in
A. By [6, Theorem 3.2.1]S is a complete cotorsion pair, therefore the class ⊥(S⊥) gives special precovers. Let
0→ S1 → S2 → M → 0
be a ⊥(S⊥)-special precover ofM . Then S2 belongs to ⊥(S⊥) ⊆ A and S1 belongs to S⊥. SinceA is resolving, the module S1
belongs to
S⊥ ∩A = A⊥ ∩A.
Then the above exact sequence splits andM is a direct summand of S2, soM belongs to ⊥(S⊥). ThereforeS = (A,A⊥) and
we conclude S⊥ = A⊥. 
Corollary 3.2. Let A be a resolving class and 0 ≤ i ≤ ∞. Then Ai = A if and only if
A⊥i ∩A = A⊥ ∩A.
Proposition 3.3. Let i ≥ 0. Then Ai = Ai+1 if and only if Ai = Ai+1. If moreover A is a resolving class, then Ai = A∞.
Proof. By [6, Corollary 3.2.4], ⊥(A⊥i+1) = ⊥(A⊥i ) consists of all direct summands of Ai+1-filtered modules. In particular
any module A in Ai is a direct summand of a Ai+1-filtered module. Since A is finitely generated, by Theorem 2.1 it is a
direct summand of a finitely presented module A′ admitting a finiteAi+1-filtration. Therefore, since A′ is a finite extension
of modules in Ai+1 and A is a direct summand of A′, both A and A′ belong to Ai+1. Then Ai is contained in Ai+1 and hence
Ai+1 = Ai.
Finally, let us assumeA resolving and letM belong toAi+1; then there exists an exact sequence
Pi+1 → Pi → · · · → P0 → M → 0
where P` is a finitely generated projective module for 0 ≤ ` ≤ i + 1. Let us denote by I` the image of P` → P`−1; since A
is closed under kernels of epimorphisms, it is easy to prove recursively that I` belongs toAi+1−`. In particular I1 belongs to
Ai = Ai+1, and hence the finitely generated projective resolution of M can be continued with one more step on the left.
Repeating this argument, we conclude thatM belongs toA∞. 
Proposition 3.4. Let i ≥ 1; if A = Ai, thenA ⊆ {direct summands of lim−→Ai}.
Proof. If A = Ai, thenA=⊥(A⊥i ). Therefore any object A inA is a direct summand of aAi-filtered module A. The module
A is the direct limit of its finitely generated submodules: A = lim−→`∈Λ F`. By Theorem 2.1, for each ` ∈ Λ there exists a
submodule G` of A in FPi, and containing F`, such that G` isAi-filtered. This gives A = lim−→`∈Λ F` = lim−→`∈Λ G`, and hence the
thesis. 
4. Cotilting cotorsion pairs
In all this section we assume that = (Y,Y⊥) is a cotorsion pair induced by an n-cotilting module U .
Lemma 4.1. Let 0 ≤ i ≤ ∞. If UR isΣ-pure-injective andY = lim−→Yi, then i = . In particular if UR is aΣ-pure-injective 1-
cotilting module, then 0 = .
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Proof. LetM be in Y⊥i ∩ Y; there exists a short exact sequence
0→ M → Uβ → U ′ → 0
with U ′ in Y (see [6, Proposition 8.1.5]). By assumption, U ′ = lim−→λ∈Λ U ′λ with the U ′λ in Yi. Consider the pullback diagram
0 / M / Uβ / U ′ / 0
0 / M / Pλ /
O
U ′λ /
O
0
Since M ∈ Y⊥i the lower exact sequence splits. Therefore the upper exact sequence is a direct limit of splitting exact
sequences, and hence it is pure. Since UR is Σ-pure-injective, by [7, Corollary 8.2], also the upper short exact sequence
splits; thenM belongs to ProdU = Y⊥ ∩ Y. By Proposition 3.1, we conclude Y⊥i = Y⊥, and hence the thesis. 
Theorem 4.2. The following are equivalent for a cotorsion pair induced by an n-cotilting module U:
(1) 1 = ;
(2) ∞ = , i.e. is of finite type;
(3) i = for some i ≥ 1;
(4) U isΣ-pure-injective and Y = lim−→Y1;
In particular in such a case FPn = FPn+1 = mod-R.
Proof. 1⇒ 2: since Y is a resolving class, by Proposition 3.3 we have 1 = ∞.
2⇒ 3: is clear.
3 ⇒ 4: Since U is pure-injective, every module in ProdU is pure-injective. Therefore, Y⊥1 ∩ Y = ProdU being closed
under arbitrary direct sums, U (α) is pure-injective for each cardinal α. Thus U is Σ-pure-injective. Moreover, since Y is
closed under direct limits and direct summands, by Proposition 3.4 we have Y = lim−→Y1.
4⇒ 1: it follows immediately by Lemma 4.1.
Finally, letM be a module in FPn. Consider the finitely generated projective resolution
Pn
fn→ Pn−1 → · · · → P0 f0→ M → 0.
Since the injective dimension of U is≤ n, by dimension shifting for any i ≥ 1
ExtiR(Ker fn−1,U) ∼= Exti+n−1R (Ker f0,U) ∼= Exti+nR (M,U) = 0.
Therefore the finitely generated module Ker fn−1 belongs to ⊥∞U = Y. Since Y0 = Y1, the module Ker fn−1 is finitely
presented; thus Ker fn is finitely generated andM belongs to FPn+1. 
Problem 4.3. Are there Σ-pure-injective n-cotilting modules inducing a cotorsion pair which is not of finite type, i.e.
1 6= ?
In [8, Corollary 4.11] there is a negative answer in the casewhere R is right noetherian. The problemhas a negative answer
also in the general case if n = 1:
Corollary 4.4. If n = 1, then is of finite type if and only if the 1-cotilting module U isΣ-pure-injective.
Proof. The proof is an immediate consequence of the forthcoming Corollary 5.4. 
5. Cotilting torsion pairs
Beyond inducing the cotorsion pair (Y,Y⊥), a 1-cotilting right R-module cogenerates a torsion pair (X,Y). Among
torsion pairs, the cotilting ones are precisely those for which the torsion-free class gives special precovers [9, Theorem 2.5].
Note that two equivalent 1-cotilting modules cogenerate the same torsion pair.
Studying splitting torsion pairs over finite-dimensional k-algebras, Reiten and Ringel in [2] introduced the following
finiteness condition on a torsion pair (X,Y):
Reiten–Ringel Condition 5.1. If Y ∈ Y has a finitely generated submodule 0 6= Y0 ≤ Y such that Y/Y0 ∈ X, then Y is finitely
generated.
This condition turns out to have interesting applications also in amore general setting, aswewill show in the next results.
Proposition 5.2. If a cotilting torsion pair (X,Y) satisfies the Reiten–Ringel condition, then the cotorsion pairs and 0 coincide.
R. Colpi et al. / Journal of Pure and Applied Algebra 214 (2010) 519–525 523
Proof. Let us prove that Y⊥ = Y⊥0 . LetM belongs to Y⊥0 ; we have to show that any short exact sequence
0→ M → E → Y → 0
with Y ∈ Y, splits. SetD = {D ≤ E | M ∩ D = 0, E/(M ⊕ D) ∈ Y}. Since Y is closed under direct limits, any ascending
chain in D has union in D , so that D contains a maximal element. Let us call it Dmax: the goal consists in proving that
M ⊕ Dmax = E. Suppose that this is not the case, and let M ⊕ Dmax < E ′ ≤ E, with E ′/(M ⊕ Dmax) finitely generated. Let
E ′′/E ′ = tX(E/E ′) ∈ X, where tX denotes the torsion radical associated toX. From the exact sequence
0→ E ′/(M ⊕ Dmax)→ E ′′/(M ⊕ Dmax)→ E ′′/E ′ → 0
since E ′′/(M⊕Dmax) ≤ E/(M⊕Dmax) ∈ Y, the module E ′′/(M⊕Dmax) is finitely generated by the Reiten–Ringel condition.
By assumption, the exact sequence
0→ M ∼= (M ⊕ Dmax)/Dmax → E ′′/Dmax → E ′′/(M ⊕ Dmax)→ 0
splits, with E ′′/(M ⊕ Dmax) 6= 0. Thus there exists a module D′, with Dmax < D′ ≤ E ′′, such that E ′′/Dmax = ((M ⊕
Dmax)/Dmax)⊕ (D′/Dmax).
In particularM ∩ D′ ≤ M ∩ Dmax = 0 andM ⊕ D′ = E ′′. Finally, E/(M ⊕ D′) = E/E ′′ ∼= (E/E ′)/ tX(E/E ′) ∈ Y, contrary
to the maximality of Dmax. 
The heartH(X,Y) of a torsion pair (X,Y) is the abelian subcategory of the derived category ofMod-Rwhose objects are
the complexeswhich have zero cohomologies everywhere, except for degrees 0 and−1where they have cohomologies inX
and inY, respectively. In [10] it is proved that, if (X,Y) is faithful, the stalk complex V := R[1] is a tilting object inH(X,Y)
with endomorphisms ring R; moreover it determines a torsion pair (T ,F ) and a pair of equivalences HV : T −−→←−− Y : TV
and H ′V : F −−→←−− X : T ′V where HV = Hom(V ,−), H ′V = Ext(V ,−) and TV , T ′V are their adjoint functors.
In [1,11] it has been proved that a faithful torsion pair is cotilting if and only if the associated heart is a Grothendieck
category. In the next theoremwe show that a 1-cotiltingmodule isΣ-pure-injective if and only if the corresponding faithful
torsion pair has a locally noetherian heart (see [12, Section V.4]).
Theorem 5.3. A faithful torsion pair (X,Y) in Mod-R is cogenerated by a 1-cotilting Σ-pure-injective right R-module if and
only if the heart H(X,Y) is a locally noetherian Grothendieck category.
Proof. By [1,11],H := H(X,Y) is a Grothendieck category if and only if (X,Y) is cogenerated by a 1-cotilting module CR.
Let us assume that H is locally noetherian. First let us show that the torsion pair (X,Y) satisfies the Reiten–Ringel
condition. Indeed, let 0→ Y0 → Y → X → 0 be an exact sequence with Y ∈ Y, X ∈ X and Y0 finitely generated. We get
the exact sequence 0→ T ′VX → TVY0 → TVY → 0. Since Y0 is finitely generated over R, we see that TVY0 is a factor of V n,
for some n ∈ N. Following [13, Corollary 4.3], we have that V is finitely presented, so that TVY0 is finitely generated. Thus
TVY is finitely generated. Since the functor HV carries finitely generated objects ofH to finitely generated R-modules [13,
Lemma 6.1], the module Y ∼= HV TVY is finitely generated. So the Reiten–Ringel condition is satisfied and, by Proposition 5.2
we get that = 0. Finally, let us prove thatY0 = Y1; then = 1 andwe conclude by Theorem 4.2. Indeed, let F ∈ Y0 and
0→ K → Rn → F → 0 be an exact sequence in Y. Then we obtain the exact sequence 0→ TVK → V n → TV F → 0 and,
sinceH is locally noetherian, TVK is finitely generated. Thus K ∼= HV TVK is finitely generated and so F is finitely presented.
The proof of the converse implication follows the same arguments used in [1]. First note that if C is Σ-pure-injective,
then Prod C is closed under direct sums. Moreover, in the Grothendieck category H , an object I is injective if and only if
I = TV (C ′), for some C ′ ∈ Prod C [11, Proposition 3.8]. From these easy observations, it follows that in H , the class of
injective objects is closed under coproducts. Indeed let Iλ, λ ∈ Λ, a set of injective objects: then⊕Iλ = ⊕TV (C ′λ) = TV (⊕C ′λ),
since TV commutes with coproducts. Hence, following the proof of [12, Proposition V.4.3], one gets that any small object in
H is noetherian. Finally, in [11, Lemma 3.4] it is shown that the set {Z ≤ V n, n ∈ N} generatesH : since V is small and so
noetherian,H admits a set of noetherian generators. 
The following corollary shows that the assumption that a ring admits aΣ-pure-injective 1-cotiltingmodule is very strong,
since it implies that the ring is coherent.
Corollary 5.4. Let C be a 1-cotilting right R-module and the corresponding cotorsion pair. If C isΣ-pure-injective, then:
(1) = 1;
(2) the ring R is right coherent.
Proof. Following the proof of Theorem5.3, we get that = 0 = 1 and so, by Theorem4.2, the ring R is right coherent. 
Problem 5.5. Is a ring admitting aΣ-pure-injective n-cotilting module necessarily coherent?
It follows also a nice application to the tilting setting: any classical 1-tilting module (for the definition see [6, Ch. 5]) over
a right noetherian ring has right coherent endomorphism ring.
Corollary 5.6. Let TS be a classical 1-tilting module. The following are equivalent:
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(1) S is noetherian;
(2) HomS(T ,W ) is aΣ-pure-injective 1-cotilting EndS(T )-module for any injective cogenerator W of Mod-S.
In such a case, EndS(T ) is a right coherent ring.
Proof. It is known [11, Theorem 2.3] that the category Mod-S is equivalent to the heart of the cotilting torsion pair (X,Y)
cogenerated by HomS(T ,W ). Then the result follows from Theorem 5.3. 
6. Cotilting torsion pairs for noetherian rings
As we have seen in the previous sections, the notion of Σ-pure-injectivity for a cotilting module is closely related
to finiteness conditions on the rings and on the classes involved. The aim of this section is to characterize the cotilting
torsion pairs cogenerated by aΣ-pure-injective 1-cotiltingmodule in the noetherian setting, and investigate their finiteness
properties.
For the rest of this section, R denotes a right noetherian ring. Buan and Krause in [14] proved that cotilting torsion pairs
play a relevant role passing from the category of finitely generated R-modules to the whole category of R-modules: indeed
there is a bijective correspondence between cotilting torsion pairs (X,Y) in Mod-R and faithful torsion pairs (X0,Y0) in
mod-R. The correspondence is given by the mutually inverse assignments
X 7→ X0 = X ∩mod-R, X0 7→ X = lim−→X0
and
Y 7→ Y0 = Y ∩mod-R, Y0 7→ Y = lim−→Y0.
In case the torsion pair (X,Y) is cogenerated by aΣ-pure-injective 1-cotilting module, this correspondence preserves the
following relevant (see the notions of quasitilted artin algebras [15] and of quasitiled rings [10]) properties:
Proposition 6.1. Let CR be aΣ-pure-injective 1-cotilting module and let Y=⊥ C. Then:
(1) (X0,Y0) splits if and only if (X,Y) splits;
(2) proj dimY0 ≤ 1 if and only if proj dimY ≤ 1.
Proof. 1. Let X ∈ X and Y0 ∈ Y0. Since Y0 is finitely presented and X = lim−→ Xα for a directed family of submodules Xα ∈ X0
of X , we have
Ext1R(Y0, X) = Ext1R(Y0, lim−→ Xα) ∼= lim−→ Ext
1
R(Y0, Xα).
Now, if Ext1R(Y0,X0) = 0, we derive that Ext1R(Y0,X) = 0. Since C isΣ-pure-injective, by Lemma 4.1 we have Y⊥ = Y⊥0 .
Therefore Ext1R(Y,X) = 0.
2. Similarly, if Ext2R(Y0,Mod-R) = 0, by dimension shifting and using the fact that Y⊥0 = Y⊥ we see that
Ext2R(Y,Mod-R) = 0. 
As we mentioned in the previous section, in order to guarantee that a splitting torsion pair (X0,Y0) in mod-R gives rise
to a splitting torsion pair (X,Y) = (lim−→ X0, lim−→ Y0), Reiten and Ringel in [2] introduced Condition 5.1. Here we prove that,
for a noetherian ring, the Reiten–Ringel condition completely characterizes torsion pairs cogenerated by aΣ-pure-injective
1-cotilting module.
Lemma 6.2. The class of all Y0-filtered modules is closed under submodules.
Proof. Suppose that Y is Y0-filtered by (Yλ | λ ≤ µ). Then any Y ′ ≤ Y is Y0-filtered by (Y ′λ = Yλ ∩ Y ′ | λ ≤ µ). Indeed this
is a continuous chain starting from 0 and ending to Y ′ such that for every λ < µ
Y ′λ+1
Y ′λ
= Yλ+1 ∩ Y
′
Yλ ∩ Yλ+1 ∩ Y ′
∼= Yλ + (Yλ+1 ∩ Y
′)
Yλ
≤ Yλ+1
Yλ
∈ Y0,
so that Y ′λ+1/Y
′
λ ∈ Y0. 
Theorem 6.3. Let R be a right noetherian ring. For a cotilting torsion pair (X,Y) inMod-R the following conditions are equivalent:
(1) Y satisfies the Reiten–Ringel condition;
(2) any 1-cotilting module cogenerating (X,Y) isΣ-pure-injective;
(3) (X,Y) is cogenerated by aΣ-pure-injective 1-cotilting module.
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Proof. 1⇒ 2 Follows from Proposition 5.2 and Corollary 4.4.
2⇒ 3 is obvious.
3 ⇒ 1 Let us assume that C is Σ-pure-injective. By Corollary 4.4, we have Y = ⊥(Y⊥0 ). By [6, Corollary 3.2.4] and
Lemma 6.2, any module in Y is Y0-filtered. Let Y be a module in Y and F a finitely generated submodule of Y such that Y/F
is torsion. By Theorem 2.1, F is contained in a finitely generated submodule F of Y such that Y/F belongs to Y. Since Y/F is
a quotient of Y/F , it is also torsion and hence Y = F is finitely generated. 
TheΣ-pure-injectivity of C is equivalent to some other interesting finiteness condition on Y.
Proposition 6.4. Let C be a 1-cotilting module and (X,Y) the torsion pair cogenerated by C. Then the following conditions are
equivalent:
1. C isΣ-pure-injective;
2. if Y ∈ Y has a finitely generated submodule 0 6= Y0 ≤ Y such that Y/Y0 ∈ X, then Y is Y0-filtered;
3. there are no infinite strictly ascending chains Y0 < Y1 < · · · < Yi < Yi+1 < · · · in Y0 such that Yi+1/Yi ∈ X0
(equiv. Yi+1/Y0 ∈ X0) for all i ∈ N;
4. if Y0 is a finitely generated submodule of Y ∈ Y, then the torsion part of Y/Y0 is finitely generated;
5. any non-zero module Y ∈ Y has a finitely generated non-zero submodule Y+ ≤ Y such that Y/Y+ ∈ Y.
Proof. 1⇒ 2: it is clear, since any module in Y is Y0-filtered.
2 ⇒ 3: assume that (Yi)i∈N is a infinite strictly ascending chains Y0 < Y1 < · · · < Yi < Yi+1 < · · · in Y0 such that
Yi+1/Yi ∈ X0 for all i ∈ N. Then Y = ∪Yi = lim−→ Yi ∈ Y is not finitely generated and Y/Y0 = (lim−→ Yi)/Y0 ∼= lim−→(Yi/Y0) ∈ X.
Therefore Y isY0-filtered and by Theorem 2.1, Y0 is contained in a finitely generated submodule Y0 of Y such that Y/Y0 is in
Y. Since Y/Y0 is a quotient of Y/Y0, and hence it is also torsion, we have Y = Y0, contradicting the fact that I is not finitely
generated.
3⇒ 4: suppose that for a given Y inY, and a finitely generated submodule F of Y , the quotient Y/F has torsion part Y/F
which is not finitely generated. Then Y/F is a direct limit of modules Xi, i ∈ I , in X0. Denoting by Yi/F the homomorphic
images inY/F of themodulesXi, bymeans of theYi’s one can construct an infinite strictly ascending chain inY0, contradicting
3.
4⇒ 5: given any finitely generated submodule Y0 of Y , take as Y+ the submodule of Y containing Y0 such that Y+/Y0 is
the torsion part of Y/Y0.
5⇒ 1: we will prove that any module inY isY0-filtered. By [6, Corollary 3.2.4] and Lemma 6.2, we will getY = ⊥(Y⊥0 ),
so that C isΣ-pure-injective by Corollary 4.4.
Let Y inY andµ = 2|Y |. We construct, by transfinite induction, a continuous chain (Yλ | λ ≤ µ) of submodules of Y such
that, for every λ < µ,
(i) Y/Yλ ∈ Y,
(ii) Yλ+1/Yλ ∈ Y0,
(iii) if Yλ  Y , then Yλ  Yλ+1.
Set Y0 = 0, and set Yλ+1 = Yλ in case Yλ = Y , or Yλ+1/Yλ = (Y/Yλ)+ if Yλ  Y (if this is the case, then Y/Yλ+1 ∼=
(Y/Yλ)/(Y/Yλ)+ ∈ Y). Then conditions (i), (ii) and (iii) are clearly satisfied. Finally, ifλ is a limit ordinal,we set Yλ =⋃k<λ Yk,
and condition (iii) holds since Y/Yλ = lim−→k<λ Y/Yk ∈ Y. This defines aY0-filtration (Yλ | λ ≤ µ). Finally, the choiceµ = 2|Y |
and the property (iii) guarantee that Yµ = Y . 
Remark 6.5. IfΛ is a tame hereditary k-algebra over an algebraically closed field k, [14] gives a complete description of the
cotiltingΛ-modules, up to equivalence. TheΣ-pure-injective ones are exactly those with no adic direct summand. Thus by
Theorem 6.3, the cotilting torsion pairs which satisfy the Reiten–Ringel Condition 5.1 are completely determined.
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